We present some new a priori estimates of the solutions to the second order elliptic and parabolic interface problems. The novelty of these estimates lies in the explicit appearance of the discontinuous coe cients and the jumps of coe cients across the interface.
Introduction
In this paper, we are interested in achieving some new a priori estimates of the solutions to the second order elliptic interface problem ?r ( (x)ru(x)) = f(x) in (1.1) and the parabolic interface problem @ @t u(x; t) ? r ( (x)ru(x; t)) = f(x; t) in (0; T) ; (1.2) where is a convex polyhedral domain in R 3 , and (x) is a positive and piecewise smooth function in : (x) = 1 (x); x 2 1 ; (x) = 2 (x); x 2 2 : Here, 1 is an open subdomain of and lies strictly inside ; whereas 2 = n 1 , see u(x) = 0 on @ : (1.4) But the subsequent results can be naturally extended to the cases with non-homogeneous boundary conditions and Neumann boundary conditions. The interface problem (1.1)-(1.4) is often encountered in material sciences and uid dynamics. It is the case when two materials or uids with di erent conductivities or di usions are involved. Therefore it is of practical interest to study the behavior of the solution to the system (1.1)-(1.4), and in particular the e ect of the discontinuous coe cient (x) on the solutions. Also, such behavior and e ect may help numerical analysts design more e cient numerical methods. The regularities of the solutions to the problem (1.1)-(1.4) and various a priori estimates of the solutions have been widely investigated in the literature. For example, for the elliptic interface problem (1.1), (1.3) and (1.4), it is well-known (cf. where C is a constant independent of u; f and g; but depends strongly and implicitly on the coe cients 1 (x), 2 (x) and the jumps in the coe cients across the interface.
On the other hand, there are also many existing numerical methods for solving the interface problem (1.1)-(1.4), see 17] and 18] for nite di erence methods and 5] and 9] for nite element methods. Due to the non-explicit dependence of the a priori estimate (1.5) on the coe cients 1 (x), 2 (x) and their jumps across the interface, all the known error estimates of the existing numerical methods share a common weakness: it is unclear about how the accuracy of the numerical solutions is a ected by the coe cients and the jumps in the coe cients.
To our knowledge, there seems little existing work in the literature, which provides the a priori estimates for the interface problem (1.1)-(1.4) with explicit appearance of the coefcients in the estimates. The purpose of this paper is to make some e orts in this direction. We will present some uniform a priori estimates, similar to (1.5), but with an explicit dependence on the coe cients 1 (x) and 2 (x); and the jumps of the coe cients across the interface. Such uniform a priori estimates, which are themselves interesting enough from the mathematical point of view, may provide us with more insights into physical behaviors of the solutions. On the other hand, the estimates may also make it possible to achieve error estimates which are uniform with respect to the jumps in the coe cients of the interface problems.
We end this section with some notations. For ease of exposition, we will frequently use C to denote a generic constant, which depends only on the geometric property of 1 and 2 . Furthermore, we shall often use the notation 00 < 00 ; which equals to 00 C 00 for some generic constant C:
2 Uniform a priori estimates with piecewise constant coecients
Problem transformation
In this section, we con ne ourselves to the case where the coe cient function (x) in (1. 
A priori estimates
We are now ready to derive the a priori estimates on the solution u to the system (2.2)-(2.4). For this, it su ces to estimate u 1 and u 2 of the solutions to (2.8)-(2.10) by using (2.11 
Moreover, for ease of exposition, we assume that 1 (x) 6 = 2 (x) for all x 2 ?: This shows that either k(x) = 1 (x)= 2 (x) < 1 for all x 2 ? or k(x) > 1 for all x 2 ?: We also de ne k = 1 = 2 ; which measures the discrepancy between 1 (x) and 2 (x).
We rst give an auxiliary result for the later use. u 2 = 0 on @ ; (3.14) where g 2 = 1 @ nũ1 ? 2 @ nũ2 : The variational form of (3.12)-(3.14) is Z 
Parabolic interface problem
In this section, we consider the following parabolic interface problem: @ t u ? r ( (x)ru) = f(x; t) in Q T = (0; T) (4.40) with the initial and boundary conditions u(x; 0) = u 0 (x) in ; u = 0 on @ (0; T) (4.41) and the jump conditions on the interface ? u] = 0; (x)@ n u] = g(x; t) across ? (0; T); (4.42) where (x) is a piecewise smooth function, that is, (x) = 1 (x); x 2 1 ; (x) = 2 (x); x 2 2 :
Here , 1 ; 2 and ? are the same as stated in Section 1.
We rst introduce some notations. where is a given parameter. We also de ne For ease of exposition, we shall consider only the case that the coe cient (x) is piecewise constant: (x) = 1 ; x 2 1 ; (x) = 2 ; x 2 2 : Similar a priori estimates can be achieved for the general piecewise smooth coe cient (x): But as discussed in Section 3, the derivations are much more technical in the general case, and so are omitted here. 
Some applications
In this section, we apply some new a priori estimates obtained in the previous sections to establish the uniform error estimates for the nite element methods. As is well known 5] 9] 17] that it is very technical and di cult to construct nite element methods which achieve the optimal convergence rates as for non-interface problems, especially when the interfaces are of arbitrary shape but smooth, as the one addressed here. The error estimates for all the existing nite element methods in the literature are not uniform with respect to the discontinuous coe cients in the PDEs, namely the coe cients do not appear in the error estimates and thus one can not see how the discontinuous coe cients and their jumps a ect the convergence of the numerical methods. The new a priori estimates shown earlier may help one to achieve some uniform error estimates, in which the coe cients appear explicitly. It is beyond the focus of this paper to discuss such uniform error estimates for general interface problems. Instead, we will focus on a simple spherically symmetric elliptic and parabolic interface problem below and show how to achieve the uniform error estimates with the help of the new a priori estimates. First, we consider the spherically symmetric elliptic interface problem:
? Here k = 1 = 2 is the jump of the coe cients aross the interface, and v (i) (r) means the ith derivative of v(r) for any given function v(r).
We now present the nite element method for solving problem (5.3). To this end, we rst partition the interval (0; 1=2) into N 1 equal subintervals using the nodes: 0 = x 0 < x 1 < < x i < < x N 1 = 1=2; with h 1 = 1=(2N 1 ) and x i = i h 1 . Then we partition the interval (1=2; 1) into N 2 equal subintervals using the nodes: 1=2 = x N 1 < x N 1 +1 < < x N 1 +i < < x N 1 +N 2 = 1; with h 2 = 1=(2N 2 ) and x N 1 +i = 1=2 + i h 2 . Let e i = (x i?1 ; x i ), then associated with the two partitions, we can construct the following two local nite element spaces: The semi-discrete nite element method for solving the problem (5.7) is to nd u h (r; t) 2 
